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3agadun yCTOMYNMBOCTM NS CTEPXKHEN U NNIAaCTUH

A.m.H., Hay4YHbIlU pykosodumenb npoexkma WU.1. Eesepos,
OO0 «lMPAUM KAL]»

AHHOTaumA. PaccmoTpeHbl 3agaym yCTOMYMBOCTU ANA CTEPXHEW M MnacTuH. Mcnonb3ytoTcs
BapvaunoHHble POPMYMMPOBKM 3a4a4n yCTOMYMBOCTU. ViccneayeTcsa nonoxutenbHas onpeaeneHHoCTb
dyHKUMOHaNa noTeHuManbHOW 3aHeprun. BbinonHeH nepexon OT TpPeXMepHOW 3agadu YCTOMYMBOCTM K
COOTBETCTBYIOLMM 3afa4vam ANs CTEPXHEN 1 NNACTUH.

Ncnonb3oBaHbl NpeAcTaBneHns nepemMeLLeHUin N0 CEYEHNI0 CTEPXKHSA U TOMLWMHE MnacTWHbl Ans
reoMeTpPUYeCKN HenMHEeNHbIX 3adady. TN NpeacTaBneHns NornyyYeHbl U3 NPeanonioXeHMn O paBeHCTBe
Hyno gedopmaunii B NIOCKOCTU CEYEHUS CTEPXHA UK NO TOMLIMHE NNacTuHbl. BbluncneHsl BTopble
Bapuauum HenvHenHblX gedopmaunii. BeINONHEHO MHTErpupoBaHMe Mo CEYEHUIO CTEPXHA U TOSNLMHE
NNacTuHbl. TpUMEHeHbl W3BECTHble OopMynbl AN YCUNUA W ypaBHEHUS paBHoBecus. [lonyyeHbl
YHKLUMOHanbl YCTONYMBOCTM A118 CTEPXKHEN U NNACTUH.

lMpoBeoeHO cpaBHEHME C M3BECTHbIMU paHee pesynbTaTamu. [puBefeHO pelleHue TeCTOBOW
3a4aun Ans UEeHTPparnbHO CXaToro KOHCOMbHOro CTEpXHS C cedveHuem [n, koTopas mogenvposanacb
nnactTuHamu.

KnroyeBble cnoBa: 3agayun yCTO|7I'~II/IBOCTVI; CTEepPXHU U nNiacTtuHbl; BapnaunoOHHbIE CbOpMynVIpOBKI/I

BeedeHue

WccnenoBaHne yCTOMYMBOCTM KOHCTPYKUUA SABASIETCS OOHMM M3 OCHOBHBIX 3TanoB pacyeTta.
Ocoboro BHMMaHWsi TPeOYIOT CTEPXKHEBbLIE M MMACTMHYATbIE 3MEMEHTbI. YpPaBHEHUs NS CTEPXHEN U
NNacTuH MNony4arwT U3 TPeXMEpHOW 3adayun, UCNOoNb3ysd NpeacTaBneHusd nepemMeLleHnin no ceyYeHuro
CTEPXHS M TONWMHE NNacTuHbl. [PUMEHATCA rMnoTesbl MNOCKMX CeHeHUn AN cTepxHen [1, 2], npambix
HopManen ans NnacTuH U obonoyek [3, 4], MeToabl pa3noXxeHus No Manomy napameTpy [5-8] u gpyrue
acumntoTuyeckue metogbl [9, 10, 11]. B pabotax [12-15] uccrnepyeTca YCTOMYMBOCTb CTEPXKHEWN
nepemeHHoro cedeHus. B pabortax [16, 17] npuBedeHbl MHOFOYUCHEHHbIE MPUMEpPbI OLINOOK,
BO3HMKAIOLLMX NPY pacyeTax yCTONYMBOCTMU.

Llenbto paboTbl SABMNSIETCS NOCTPOEHWE MPEACTABMEHUIN NMEPEMELLEHUIA MO CEYEHUID CTEPXKHS U
TOoNnwwnHe NNacTUHbI, 06ecneqv|Barou.u/|x paBeHCTBO COOTBETCTBYHOLLNX SNTEMEHTOB HENWUHEWNHOro TeH30pa
Aedopmauni Hyno, nepexoq OT TPEXMEPHOW 3a4ayn YyCTOMYMBOCTU K COOTBETCTBYIOLLUMM 3agadvam Ans
CTep)KHeIZ M NnacTtuH U BblHYUCIEeHNne beHKLl,I/IOHaJ'IOB.

Ob6o03HaveHus

() — obnacTb, 3aHMMaeMast KOHCTPYKUUEN;
x= ()cl , X, ,x3) — BEKTOP HE3aBNCUMbIX NEPEMEHHBIX;

U (x) -BekTop — ¢pyHKUMs nepemeLenuin, U = (U1 ,U,,U, );

U -BEKTOP — (OYHKLWMS NEPEMELLEHNI CTEPXKHS MU NNACTUHBI, U = (ul Uy, Uy );
Q -BEKTOP — (DYHKLMSI MOBOPOTOB CTEPXKHS MW NNACTUHbI, & = (“1 Oy Ol );
f —npasasvacts, [ =(f1,/2,/3);

A,l — cevyeHve v AnvHa cTepxHs, 0 — TOMNWWMHA NNACTUHbI;

d* — BTopas Bapunauus;

0, €;(U) — HanpsokeHnst 1 HenuHeiiHble Aedopmaunm.

ij ki
I'Ipep,nonaraeTc;l CyMMUpoBaHMeE No NOBTOPALLMMCA NHOEKCaM.

Ons cTepxHei WwWTprxom o6o3Havaem anddepeHLmMpoBaHme no x, .
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TpexmepHas 3adaya ycmou4dusocmu

Mpn pelweHMn 3agayn yCTOMYMBOCTU HededOpMUPOBAHHOW CXEMbl B JIMHEApUM30BaHHOM
noctaHoBke nccnegyetcs [18, 19] nonoxuTtenbHas onpeaeneHHoCTb PyHKUMoHana:

a(U)+bU)+ f(U),
roe a(U) — dyHKUMOHanN paboTbl BHYTPEHHUX CUM MIMHENHON 3adauu;
fW) = f,d°U dx; (1)
Q
bU) = [o,d e, (U)dx; 2)
Q
e,(U)= (U, /ox,+0U,/ox, +0U, /&x,0U, / 0x,)/2. (3)

B pa6ote [20] nokasaHo, 4yTo crnaraemble o, (0U, /6)61.)2 B cdhopmyrnie (2) Manbl N0 CPaBHEHMIO C

COOTBETCTBYHOLWMMUN BENTMYHNHAMN, BXOOALLMMU B a(U), NnoaTomMy B JanbHenweM OHN He YYUTbIBAKOTCA.

[pedcmasrneHue nepemeweHuUl o CEYEHU CMEPXXHS U
npeobpasosaHue hyHKYUOHas08
I'Ipep,nonaraeM, YTO:

1) ceyeHue oCTaeTCs NIOCKUM;
2) pedopmaLmm B NNOCKOCTU CEYEHUS paBHbI HYIIO, €,,(U) = e,;,(U) = e,;(U) =0;

3) NuHenHble Mo U, , U, ,U;, (, Caraemble — Takue e, Kak B reOMeTPUYECKM NIMHENHOM Cry4ae.
W3 1) cnepyeT, 4to
U,;(x)=u; + xyB; + x3C; . (4)
W3 2) cneayert, 4to
Bf +(1+ By)* +Bf =1, C} + C3 +(1+C3)* =1,
BiCi+(1+B,)Cy, +B;(1+C5)=0.
W3 3) cneayert, 4to
B, =-u,+b, C,=-u, +c,, B,=a, +b,, C, =—a, +¢,, B, =b,, C, =c;. (6)
Moactaswms (6) B opMyny (5) M NpMpaBHAB HYMIO KBagpaTUYHbIE cnaraemble, Nony4mM:
2b, +(u'2)2 +a12 =0, 2¢3 +(u‘3)2 +0{12 =0, ¢, + b5 +u2u3 =0. 7)
MpupaBHSAB HyMtO KyBWYHbIE CraraeMble, MOMYYUM:
- 2u'2b1 +2a1b3 =0, - 2u'301 2040, =0, — u'3b1 - u'zcl +ay(c3—by)=0. (8)
W3 (4)-(8) cnepyeT npeacraBneHne nepemMeLleHnin No CEYEHMo;
U, (x)=u, —x,0, +x;a, +(x,a,a, + x;a,a5)/2;
U, (x) =u, —xy0, — X, (@, + ")/ 2+ xy0,0, 1 2; (9)
U, (x) =uy + x,0, + X000, 12— x, (e, +a,”) /2,

'
roe Ucnonb3oBaHbl 0003HAYEHUA — Uz =0y, Uy =03, (byHKLI,VIVI U;,; 3aBUCAT TONbKO OT X, .
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Beegem ctaHgapTHble 0603HaYeHWs! AN BHYTPEHHUX CUIT U MOMEHTOB M BHELLHMX MOMEHTOB [1]:

N, =J-61idA;
]
M, :I(xzo-w —x30,)d4 . M, ZIX3O'”dA , M :_Ixzo-lldA;
Y Y y/
m, =Ix3ﬁdA , My z—szﬁdA.
] Y

Mpegnonaraem, 4To

[x,fod4 =[x, fudA = [ (x f, +x,£,)dA = 0.

A A A
CnpaBefnuvBbl ypaBHeHWsi paBHoBecus [1]:

M, —~N,=-m, , M, +N, =—m,. (10)
N3 (1), (9) nonyumm:
fU) = [(mya,as ~mya,a, )dx, 12
1

OundbdepeHumnpys dopmyny (9) ¢ y4eTom paBeHCTB —u3' =a,, u2' = 5, NOMYyYnM:
dzen(U) =[(a; —x;, )? +(-a, + X, )? +x2(051a2)' +x3(0510(3)']/2;
dzelz(U):[—x3(a2a3—0{3052)—0510(2]/2; (1)

dZeB(U) =[x, (azvo% - (Z3'0£2) —,05]/2.
MHTerpupys no cevyeHuto n nonb3yscb ypaBHeHnsiMu (10), nonyynm:
bU)+ f(U) = [N, (@] +ad) =2(M, @) &, + 2AMa)) @y +M, (@, @, — o ay) +
1 , (12)
(N> + My Ly =M Dy)a) +2myanay = 2mana, +(Myayas) —(Manay) ldx, /12

rne r° =1, +1,)/ 4;

I, = J.x32dA;
A

Iy = [x3dA;
A

I =Ix3(x22 +x; )AL
A

Ly =[x, +x7)dA/ 1.
A

MepBoe cnaraemoe B (12) — n3rnb oT cxaTus, YeTBepToe — U3rnb OT KpyveHUsl, NATOe — KpyveHue
OT CXKaTus, ocTanbHble — Kpy4YeHUe OT usrmba.

®yHKkumMoHan (12) oTnnyaeTcs OT NPUMBEAEHHOrO, Hanpumep, B paboTte [21] Hannynem nocrnegHNx
YeThbIpex cnaraemMbix, KOTopble 0OYCNOBMEHbI KBagpaTUYHLIMU MO NOBOPOTaM criaraembiMu B (9).

lMocnegHwe OgBa criaraembix Nofy4veHsl Apyrum metogom B padote [20].

BTopoe cnaraemMmoe criegyet BBOOUTbL B (12) TONMbKO AJ1A4 TOHKOCTEHHbIX CTep)KHeVI, Korga

"
(hyHKUMOHan a(U ) paboTbl BHYTPEHHNX CUIN COAEPXUT nog uHTerpanom cnaraemoe E7 (¢, ).
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! ! ! !
[nsa TOHKOCTEHHbIX CTepXkHen nonaraem [22, 23, 24]: O, = —Uj +x30t1 ,0l) =U,y +x§0t1 )

.X'g s .X'g) — KOOpAuHaThl LLeHTpa Kpy4YeHUA.

lNpedcmasneHue nepemewieHuUl O naacmuH u
npeo6pa3oeaHue d)yHKL(UOHaﬂOG
Wcnonb3syeTtca aHanoruyHoe (9) npeactasneHne nepemMeLleHnin no TonwuHe [25]:

U, (x)=u, +x;0, +x;000,/2;
U,(x)=u, —x;a, +x;0,0, /2 (13)
U,(x)=u, —x,(a, +a,”)/2;
3 - "3 3 1 2 ’
OYHKLMW 1, , 0r; 3aBUCAT TOMBKO OT X, X, .
KeagpatnuHble no nosopoTtam cnaraemsie B (13) obecneunsatoT paBeHCTBO €5, U)=0.
Beenem ctangapTHble 0603Ha4YeHUSA ANst BHYTPEHHMX CUM U MOMEHTOB U BHELUHWX MOMEHTOB [3]:

N, = _J‘O_ipdxy M, = _Ix3apqu3 ’
5

)
m, = Ix3ﬁdx3, m, = —Ix3f2dx3.
5 5
WHTerpanbl 6epyTcsi No TONWMHE NNACTUHBI.
CnpasegnuBbl ypaBHeHUs pasHoBecus [3]:
oM, ,/0x,~ Ny =-m,, OM,,/0x, — Ny, =m,. (14)
M3 (1) n (13) nonyynm

fU) = [ (myaa; = myaya )dxdx, /2.
Q
Oncbdeperumpys (13) ¢ y4eTom paBeHcTB Ou, / 0x, = &,,0u, / Ox, = —c,, NONy4nMm:
d’e, (U) =[(0u, / 0x, — x,0c, / Ox,)’ +a22 +x;0(a,05)/ Ox, ]/ 2;
d’e,,(U)=[(0u, /x, + x,0a, / 0x,)* + alz +x,0(a,05)/ 0x,]/2;

dzelz(U) = [(81/11 /5x1 + X360(2 /Oxl)(ﬁul /6.)62 + x380{2 /ﬁxz) + (6U2 /axl - x380£1 /8X1) .
(auz /aX2 —x35a1 /5x2) + (2412%) + X3 (8(0!10{3)/8)62 + a(a2a3)/axl)]/2 ’

(15)

dzel3(U) =—a,0u, /ox, +a,a; /2;
d’e,,(U) = a,0u, /0x, +a,a, /2.
WHTerpupys no TonwmHe v nonb3ysacs (14), nonyymm:

bU)+ f(U) = [[N,,0us | 0x,0u, 1 0x, + Ny, (Bu, | 0x,)” + N, (Ou, / 0x,)" +
Q

N,,(Ou, / Ox,0u, / Ox, + Ou, / Ox,0u, / Ox,) + _ (16)
20(M, )/ 0x ,0u, | Ox, —20(M , ,&,) / Ox ,0u, / Ox, +

2(mya 0, —may,a,) —0(M |, a ,ay)/ Ox, Jdx,dx, /2
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MocnegHow cymMy MOXHO npeobpasoBaTb K MHTerpany no rpaduue. lNepsass cymma B (16) —
n3rnb oT cxartusa, Tpu nocneaHue — BnuaHne usrnba. Cnaraemble, cogepxalime o, cnegyeT BBOAUTL B

(16) Tonbko B TOM crnyyae, korga  (OyHKUMOHan a(U ) paboTbl BHYTPEHHUX CUIT COOEPXWT Mo
WHTerpanom cnaraemoe [26]:

GS(ay —(Bu, / ox, —0u, / 0x,)/2). (17)

Mpn ncnonb3oBaHMM MeToda pasfnoXeHust Mo Manomy napameTpy (TonwwmHe) B paboTax [7, 8]
cnaraemble

N, (Buy 1 0x))* + Ny (Buy / 0xy)* + Ny (Quty ] 0x,0u, / Oy + Oty / 2,01, / Ox,) (18)

NpuHATBI ManbiMn. OJHaKo OHUM Takke CyLlecTBeHHbl. Hanpumep, 3agayn yCTOMYMBOCTM LEHTParnbHO
CXaTbIX CTEPXXHEN C ceyveHmammn — i, aByTasp, 3eT 1 T. 4. — MOXXHO MOOENNPoBaTh 1 NracTuHamu. Ecnm
B (16) He yumTbiBaTh cnaraemble (18), kputudeckasa cuna yeenuuuBaetca Ha 30-50%. Hambonee
XapaKTepHbIA MPUMEpP — CTarlbHOM KOHCOSbHLIN CTEPXEHb C cedeHneMm [u, BbicoTa CTEHOK — 96 MM,
LWUMPMHA HWXKHUX MOMOK —23 MM, LUMPUHA BEPXHEN MONKM — 56 MM, TOMLIMHA CTEHOK U MOJIOK — 4 MM.
AHanuTnyeckoe pelueHune npusegeHo B pabote [27]. Mpn mogenuposaHuM nnactuHamu ¢ yvetom (18)
nepeasi KpuTuyeckas cuna pasHa 5.77 T. bnuskve pesynbTaTtbl NOMyYeHbl NpU MOLENMPOBAHMU
CTEPXHAMM U TpexMepHbiMU aneMeHTamu. Mpu mogenuposaHum nnactuHammn 6e3 ydeta (18) nepsas
KpuTuyeckasa cuna pasHa 9.11 T.

MpeacrtaBneHHble pesynbTaTbl BHeAPEHb! B NporpammMHoM komnnekce JINPA10, KOTopbI LUMPOKO
NPUMeHSIETCA AN pacyeTa CTPOUTENbHbLIX KOHCTPYKUuiA. B paboTe [28] npuBeaeHbl pelleHns TeCTOBbIX
3agay yctonumocTun, nonyyeHHsble B MK JIMPA10, 1 cpaBHeHWe ¢ aHannTMYeckumMm peLleHnsaIMm.
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The Stability Problems for Bars and Plates
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Abstract

The stability problems for bars and plates are considered. Variation formulations are used for the
stability problems. The positive definiteness of the potential energy functional is studied. The transition
from the three-dimensional stability problem to the corresponding problems for bars and plates is
executed.

Concepts of displacements through the section of bar and plate thickness are used for
geometrically nonlinear problems. These concepts are derived from the assumptions of the vanishing of
the strain through the cross-section plane of the bar or the thickness of the plate. The second variations
of non-linear deformations are calculated. The integration through the cross-section of the bar and plate
thickness was made, using known formulas for the efforts and the equilibrium equation. The stability
functionals for bars and plates are obtained.

Comparing to the results known before is conducted. A solution to the test problem for the
centrally compressed cantilever beam with a cross section of Pi, which was modeled by plates, is given.
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